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Abstract. Let k be an algebraically closed field of characteristic 
p > 0. Let G be an affine group scheme over k. We classify the 
indecomposable exact module categories over the rigid tensor cat- 
egory Coh/(G) of coherent sheaves of finite dimensional k— vector 
spaces on G, in terms of (H, ip)— equivariant coherent sheaves on 
G. We deduce from it the classification of indecomposable exact 
geometrical module categories over Rep(G). When G is finite, this 
yields the classification of all indecomposable exact module cat- 
egories over the finite tensor category Rep(G). In particular, we 
obtain a classification of twists for the group algebra k[G] of a finite 
group scheme G. Applying this to u(fj), where g is a finite dimen- 
sional p— Lie algebra over k with positive characteristic, produces 
(new) finite dimensional noncommutative and noncocommutative 
triangular Hopf algebras in positive characteristic. We also in- 
troduce and study group scheme theoretical categories, and study 
isocategorical finite group schemes by following [EGlj . 



1. INTRODUCTION 

Let k be an algebraically closed field of characteristic p > 0. Let 
G be a finite group. Consider the fusion category Vec(G) of finite 
dimensional G— graded vector spaces over k, and the finite tensor cate- 
gory Rep(G) of finite dimensional representations of G over k. Etingof 
and Ostrik classified the indecomposable exact module categories over 
Rep(G) |EQ], generalizing the classification of Ostrik in zero character- 
istic [OsJ. Alternatively, one could use the duality between Vec(G) and 
Rep(G) (provided by the usual fiber functor on Rep(G)) and the clas- 
sification of the indecomposable exact module categories over Vec(G) 
to obtain the same result. In particular, the classification of the semi- 
simple module categories of rank 1 provides the classification of twists 
for the group algebra k[G], reproducing the classification given by Mov- 
shev in zero characteristic |Movj . The classification of twists for finite 
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groups, together with Deligne's theorem |Dej . enabled Etingof and the 
author to classify triangular semisimple and cosemisimple Hopf alge- 
bras over k |EG] (see also |Gej ). 

The goal of this paper is to extend the classification of Etingof and 
Ostrik mentioned above to finite group schemes G over k, and in par- 
ticular thus obtain (new) finite dimensional noncommutative and non- 
cocommutative triangular Hopf algebras in positive characteristic by 
twisting k[G]. However, in absence of Deligne's theorem in positive 
characteristic, the classification of finite dimensional triangular Hopf 
algebras in positive characteristic remains out of reach. 

Let G be a finite group scheme over k. The idea is to first classify 
the indecomposable exact module categories over Rep(/c[G]*), where 
k[G)* is the dual Hopf algebra of the group algebra k[G] of G, and then 
use the fact that they are in bijection with the indecomposable exact 
module categories over Rep(G) [EO] to get the classification of the 
latter ones. The reason we aproche it in this way is that k[G}* is just the 
Hopf algebra 0{G) representing the group scheme G, so Rep(fc[G]*) is 
tensor equivalent to the tensor category Cohj(G) = Coh(G) of coherent 
sheaves of finite dimensional k— vector spaces on G with the tensor 
product of convolution of sheaves, which allows us to use geometrical 
tools and arguments. For example, when G is an abstract finite group, 
Coh(G) = Vec(G). 

In fact, in Theorem 13. 71 we classify the indecomposable exact module 
categories over Coh/-(G), where G is any affine group scheme over k 
(i.e., G is not necessarily finite). The classification is given in terms of 
(H, ip)— equivariant coherent sheaves on G (see Definition 13.21) . Since 
Cohj(G) is no longer finite when G is not, the proof requires working 
with Ind and Pro objects, which makes it technically more involved. 
Furthermore, when G is not finite, not all indecomposable exact mod- 
ule categories over Rep(G) are obtained from those over Coh/(G) (see 
Proposition 14.21 and Remark 14.31) ; we refer to those which are as geo- 
metrical. So the classification of module categories (even fiber functors) 
over Rep(G) for infinite affine group schemes G remains unknown (even 
when G is a linear algebraic group over C). 

In Section we introduce the class of group scheme theoretical cat- 
egories, which extends both Cohj(G) and Rep(G), and generalize to 
them the results from Sections [3] and H] mentioned above. 

As a consequence of our results, combined with |AEGNl IEO] . we 
obtain in Corollary 16.31 that gauge equivalence classes of twists for the 
group algebra k[G] of a finite group scheme G over k are parameter- 
ized by conjugacy classes of pairs (if, J), where if is a closed group 
subscheme of G and J is a nondegenerate twist for k[H] ( just as in 
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the case of abstract finite groups). Furthermore, in Proposition 16 . 71 we 
show that a twist for G is nondegenerate if and only if it is minimal 
(again, as for abstract finite groups), by showing directly, that is, with- 
out using Deligne's theorem, that a quotient of a Tannakian category 
is also Tannakian (Proposition 16. 5p . We use this in Sections 16.41 16.51 
to give some examples of twists for k[A] and u(q), where A is a finite 
commutative group scheme over k with positive characteristic and q 
is a finite dimensional p— Lie algebra over k of positive characteristic 
p. In particular, applying this to u(g) yields (new) finite dimensional 
noncommutative and nonco commutative triangular Hopf algebras in 
positive characteristic. 

We conclude with Section [7] in which we follow |EG1] to give the con- 
struction of all finite group schemes which are isocategorical to a fixed 
finite group scheme. In particular, it follows that two isocategorical 
finite group schemes are necessarily isomorphic as schemes (but not as 
groups [EOT] . [DaI1lDa2] ;). 

Acknowledgments. The author is grateful to Pavel Etingof for 
stimulating and helpful discussions. 

The research was partially supported by The Israel Science Founda- 
tion (grants No. 317/09 and 561/12). 

2. Preliminaries 

Throughout the paper we fix an algebraically closed field k of char- 
acteristic p > 0. 

2.1. Afflne group schemes. Let G be an affine group scheme over 
k with coordinate algebra 0(G), i.e., 0(G) is a commutative Hopf 
algebra and G = Spec k (0(G)) (see, e.g., [Jan]). Let G° be the con- 
nected component of the identity in G, and let vro(G) := G/G°. Then 
0(ttq(G)) is the unique maximal finite dimensional semisimple Hopf 
subalgebra of 0(G). We also let Rep(G) denote the category of finite 
dimensional rational representations of G over k; it is a symmetric rigid 
tensor category (see, e.g., [E] for the definition of a tensor category and 
its general theory). 

An affine group scheme G is called finite if 0(G) is finite dimen- 
sional. In this case, 0(G)* is a finite dimensional cocommutative 
Hopf algebra, which is called the group algebra of G, and denoted by 
k[G}. In particular, Rep(G) is a finite symmetric tensor category and 
Rep(G) = Rep(fc[G]) as symmetric tensor categories. A finite group 
scheme G is called constant if its representing Hopf algebra 0(G) is 
the Hopf algebra of functions on some finite abstract group with values 
in k, and is called etale if 0(G) is semisimple. Since k is algebraically 
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closed, it is known that G is etale if and only if it is a constant group 
scheme [W]. A finite group scheme G is called infinitesimal if 0(G) is 
a local algebra. 

Theorem 2.1. (See |Wl 6.8, p. 52],) Let G be a finite group scheme. 
Then n (G) is etale, G° is infinitesimal, and G is a semidirect product 
G = G° x n (G). If the characteristic of k is then G = n (G) is etale. 

Let G be a finite commutative group scheme over k, i.e., 0(G) is a 
finite dimensional commutative and cocommutative Hopf algebra. In 
this case, k[G] is also a finite dimensional commutative and cocom- 
mutative Hopf algebra, so it represents a finite commutative group 
scheme G D over k, which is called the Cartier dual of G. For example, 
the Cartier dual of the group scheme a p (= the Frobenius kernel of the 
additive group G a ) is a p , while the Cartier dual of /x p (= the Frobenius 
kernel of the multiplicative group G m ) is the constant group scheme 
Z/pZ. 

Theorem 2.2. (See [Wl 6.8, p. 52],) Let G be a finite commutative group 
scheme over k. Then G = G ee x G ec x G ce x G cc decomposes canonically 
as a direct product of four finite commutative group schemes over k of 
the following types: G ee is etale with etale dual (i.e., an abstract abelian 
group A such thatp \ \A\), G ec is etale with connected dual (e.g., Z/pZ), 
G ce is connected with etale dual (e.g., fi p ), and G cc is connected with 
connected dual (e.g., a p = a® ). 

Recall that a finite commutative group scheme G is called diagonal- 
izable if 0(G) is the group algebra k[A] of a finite abelian group A. 
For example, /i n is diagonalizable since 0(fi n ) = k[Z/nZ\. In fact, any 
diagonalizable finite group scheme G is a direct product of various fi n . 
Clearly, the group algebra of a finite diagonalizable group scheme is 
semisimple. 

Theorem 2.3. (Nagata, see [A] p.223]j Let G be a finite group scheme 
over k. The group algebra k[G] is semisimple if and only if G° is 
diagonalizable and p does not divide the order ofG(k). In particular, 
for an infinitesimal group scheme G, if k[G] is semisimple then G is 
diagonalizable. 

2.2. p— Lie algebras. Assume that the ground field k has character- 
istic p > 0. Let q be a finite dimensional p— Lie algebra over k and let 
u(g) be its p— restricted universal enveloping algebra (see, e.g., jJacj . 
[SF] ). Then -u(g) is a cocommutative Hopf algebra of dimension p dim (s) 
and its dual (commutative) Hopf algebra u(q)* is a local algebra sat- 
isfying x p = for any x in the augmentation ideal of u(g)*. Recall 
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that there is an equivalence of categories between the category of in- 
finitesimal group schemes G over k of height 1 and the category of 
finite dimensional p— Lie algebras g over k, given by G i— >■ g, where 
k[G]=u(g). 

An n— dimensional torus is an n— dimensional abelian p— Lie alge- 
bra t over k with a basis consisting of toral elements hi (i.e, /if = hi). 
By a theorem of Hochschild (see Theorem 12.31) . tori are precisely those 
finite dimensional p— Lie algebras whose representation categories are 
semisimple (see |SFJ). In other words, u(t) is a semisimple commuta- 
tive (and cocommutative) Hopf algebra, and Rep(t) = Rep(w(t)) is a 
fusion category. Moreover, it is known that u(t) is isomorphic to the 
Hopf algebra Fun((Z/pZ) n , k) of functions on the elementary abelian 
p— group of rank n, so Rep(w(t)) = Vec((Z/pZ) n ) is the fusion category 
of finite dimensional (Z/pZ) rt — graded vector spaces. 

2.3. Module categories over tensor categories. Let C be a rigid 
tensor category over k, i.e., a k— linear locally finite abelian category 
with finite dimensional Horn— spaces, equipped with an associative ten- 
sor product, a unit object and a rigid structure (see, e.g., JE]). 

Let Ind(C) and Pro(C) denote the categories of Ind— objects and 
Pro— objects of C, respectively (see, e.g., |KS] ) . The rigid structure on 
C induces two duality functors Pro(C) — > Ind(C) ("continuous dual") 
and Ind(C) — > Pro(C) ("linear dual"), which we shall both denote by 
X i — y X*; they are antiequivalence inverses of each other. 

It is well known that the tensor structure on C extends to a tensor 
structure on Ind(C) and Pro(C) (however, Ind(C) and Pro(C) are not 
rigid). It is also known that Ind(C) has enough injectives. More gener- 
ally, recall that a (left) module category over C is a locally finite abelian 
category M. over k equipped with a (left) action ® M of C on A4, such 
that the bifunctor g) is bilinear on morphisms and biexact. Simi- 
larly, the C— module structure on M. extends to a module structure on 
Ind(A4) over Ind(C). 

One can define a dual internal Horn in a C— module category Ai as 
follows: for M 1 ,M 2 eM, let Rom (Mi, M 2 ) G Pro(C) be the pro-object 
representing the left exact functor 

C Vec, X ^ Rom M (M 2 ,X ® M M x ), 

i.e., 



Rom M (M 2 ,X ® M M x ) = Hom Pro(C )(Hom(M 1 ,M 2 ),X). 
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For any M G M., the pro-object Hom(M, M) has a canonical struc- 
ture of a coalgebra. If M. is indecomposable and exact then the cate- 
gory Comodp ro (c) (Hom(M, M)) of right comodules over Hom(M, M) in 
Pro(C), equipped with its canonical structure of a C— module category, 
is equivalent to Ai. (This is a special case of Barr-Beck Theorem in 
category theory; see |EO^ Theorem 3.17].). We note that in terms of 
internal Horn's [ED], the algebra Hom (M, M) in Ind(C) is isomorphic 
to the dual algebra of the coalgebra Hom(M, M) under the duality 
functor * : Pro(C) -> Ind(C). 

Example 2.4. Let if be a Hopf algebra over k, let C := Rep(if ) be the 
rigid tensor category of finite dimensional representations of H over k, 
let M. : = Vec be the standard module category over C, and let S := k 
be the trivial representation. Then Hom(5, 8) = H° is the finite dual 
of H (i.e., the Hopf algebra of linear functionals on H vanishing on 
a finite codimensional ideal of H). Indeed, let X G C and denote its 
underlying vector space by X. On one hand, 

Homi n d(c) {X , Hom ffc, k)) = Homv ec (X ®k,k) = Homv ec (X, k) = X* . 

On the other hand, since X is finite dimensional, we have that 

Hom Ind(c) (X, H°) = Hom Ind(c) (X, H*) = Hom Ind(c) (X <g> H, k) 

= Hom Ind(C )(X <S> k H, k) = Hom Ind(c) (if , X*) = X* . 

Therefore the claim follows from Yoneda's lemma. 

Consequently, Hom(5, 5) = (H°)* = H is the profinite completion 
of H with respect to its algebra structure (i.e., H is the inverse limit 
bjn H/I over all finite codimensional proper ideals i of H). 

Definition 2.5. ( |EOj ) A module category A4 over C is called exact if 
any additive module functor M. — > M.\ from M. to any other C— module 
category A4± is exact. 

Proposition 2.6. ^EOJj Let C be a rigid tensor category over k and 
let M. be a module category over C. Then the following are equivalent: 

1) M. is exact. 

2) For any M e M. and any injective object I 6 Ind(C), I <8> M is 
infective in Ind(M). 

3) For any M e A4 and any projective object P G Pro(C), P <g> M is 
projective in Pro(Ai). 

Proof. The proof that 1) implies 2) is exactly as the proof of [EO[ 
Proposition 3.16] (after replacing "projective" by "injective" and " Horn " 
by "Horn"). More precisely, if M. is exact then the C— module functor 
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Hom(M, ?) : Ai — > Pro(C) is exact. Therefore the functor 

Hom Ind(M) (?, I(g)M) = Hom Ind(c) (7S(M, ?), 7) 

is exact for any injective object I in Ind(C), so / <E> M is injective in 
Ind(A4). (Here by Hom Ind ( C ) (H om(M, ?), I) we mean the Horn— space 
Hom Ind ( C ) (1, T?om(M, ?)* <g> I.) 

The proof that 2) implies 1) is exactly as the proof of \EO\ Proposi- 
tion 3.11] (after replacing "projective" by "injective"). 

Finally, 2) is equivalent to 3) by duality. □ 

Let C be a rigid tensor category over k and let M. be a mod- 
ule category over C. Following |EOj . we say that two simple objects 
M\, M 2 G M. are related if there exists an object X G C such that Mi 
appears as a subquotient in X <g> M 2 . 

Proposition 2.7. (|EO]j Le£ C be a rigid tensor category over k and 
let Ai be an exact module category over C. Then the following hold: 

1) The above relation is an equivalence relation. 

2) M. decomposes into a direct sum M. = of indecomposable 
exact module subcategories indexed by the equivalence classes of the 
above relation. 

Proof. 1) The proof is essentially the proof of |EOl Lemma 3.8 and 
Proposition 3.9]. Namely, the proof that the relation is reflexive and 
transitive is exactly the same. Suppose that M x appears as a subquo- 
tient in X <8> M 2 , and let E(l) G Ind(C) be the injective hull of the 
unit object 1 G C. By Proposition 12.61 E(l) <8> X <g> M 2 is injective in 
Ind(A^), hence 

Rom Pm{M) (X*(g)E(iy(g)M u M 2 ) = Hom Ind(M) (Mi ) E(1)®X®M 2 ) ^ 0. 

But this implies the existences of Y G C such that Hom^(y®M 1 , M 2 ) 7^ 
0, which proves that the relation is also symmetric. 

2) For an equivalence class i let M.i be the full subcategory of M. 
consisting of objects all simple subquotients of which lie in i. Clearly, 
M.i is an indecomposable module subcategory of M. and M. = ®M.%. 
Furthermore, M.i is exact since so is M.. □ 

Definition 2.8. We say that an object 5 G M. generates M. if for 
any M G M there exists X G C such that Rom M (X ® M 5,M) ^ 
(equivalently, for any M G M. there exists X G C such that M is a 
subquotient of X ® M 5). 



Corollary 2.9. Let Ai be an indecomposable exact module category 
over a rigid tensor category C and let 5 e M be a simple object. Then 
5 generates M.. □ 
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3. EXACT MODULE CATEGORIES OVER COH/(G) 

Let G be an affine group scheme over k, with a unit morphism e : 
Spec(/c) G, an inversion morphism i : G — >■ G and a multiplication 
morphism m : G x G — >■ G, satisfying the usual group axioms. In 
other words, we are given a collection of group structures on the sets 
G(R) := Hom.Aig(0(G), R) of R— valued points of G, where R is a 
commutative algebra over k, which is functorial in R. 

3.1. The category Coh/(G). We shall denote by Cohj(G) (resp., 
Coh(G)) the abelian category of coherent sheaves of finite dimensional 
k— vector spaces on G, i.e., coherent sheaves supported on finite sets 
in G (resp., all coherent sheaves of A;— vector spaces on G). Recall 
that Coh/ (G) (resp., Coh(G)) is a rigid tensor category (resp., tensor 
category) with the convolution product 

i®y : =ffl t (isy) 

as the tensor product (where m* is the direct image functor of m). It is 
known that Cohj(G) (resp., Coh(G)) is tensor equivalent to the rigid 
tensor category Kep(0(G)) of finite dimensional k— representations of 
the Hopf algebra 0{G) (resp., the tensor category of finitely gener- 
ated A;— representations of the Hopf algebra 0(G)). Recall also that 
Ind(Coh/(G)) is the category of locally finite representations of 0(G), 
i.e., representations in which every vector generates a finite dimensional 
subrepresentation, while Ind(Coh(G)) = QCoh(G) is the category of 
quasicoherent sheaves of k— vector spaces on G, i.e., the category of all 
A;— representations of the Hopf algebra 0(G). 

Example 3.1. If G is a finite abstract group, i.e., a constant group 
scheme over k, then Cohj(G) = Coh(G) is nothing but the fusion 
category Vec(G) of finite dimensional G— graded vector spaces over k. 

3.2. Equi variant coherent sheaves. Let if be a closed group sub- 
scheme of G and let /i : G x H — > G be its free action on G by right 
translations (in other words, the free actions of H(R) on G(R) by right 
translations are functorial in R, R a commutative algebra over k). Set 

i] := fi(id x m\ H ) = fJ-(fJ- x id) : G x H x H ->■ G. 

Let 

p 1 ^ : GxH -> G, Pg HH : GxHxH ->■ G, v% HH : GxHxH — >■ GxH 

be the projections on G, G and GxH, respectively. We clearly have 
that p GH o p GHH = Vguh- 
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Let ip : ff x if — >■ G m be a normalized 2— cocycle. Equivalently, 
ip G C(ff) <S> C(-f^) is a Drinfeld twist for 0(H), i.e., *0 is an invertible 
element satisfying the equations 

(A<g>id)(^)(^<g>l) = (id<g>A)(^)(l<g>V>), (e(8)id)(^) = (id®e)(i/>) = 1. 

We let 0(H)^ be the ("twisted") coalgebra with underlying vector 
space O(H) and comultiplication A^ given by A^(/) := A(f)ip, where 
A is the standard comultiplication of 0(H). 

Note that ^ (like any other regular nonvanishing function) defines 
an automorphism of any coherent sheaf on H x if by multiplication. 

Definition 3.2. Let ip : H x H — > G m be a normalized 2— cocycle on 
a closed group subscheme if of G. 

1) An (if, — equivariant coherent sheaf on G is a pair (5 1 , As), where 
S G Coh(G) and As is an isomorphism As : (Pgh)*(S) ~ > t 1 * (&) °f 
sheaves on G x if such that the diagram of morphisms of sheaves on 
Gx H x H 



(Pghh)*(S) 

(idxm\ H )*(\ s ) 

V*(S) - 



( M x«2)*(A s ) 



idMtp 

is commutative. 

2) Let (S, As) and (T, At) be two (if, ■?/>) — equivariant coherent sheaves 
on G. A morphism <fi : 5 — > T in Coh(G) is said to be (if, ■0) — equivariant 
if the diagram of morphisms of sheaves on G x ff 



fe)*(S) 



As 



At 



/i*(T) 



is commutative. 

3) Let Coh^'^(G) be the abelian category of (ff, ip)— equivariant co- 
herent sheaves on G with finite support inG/H (i.e., sheaves supported 
on finitely many ff— cosets), with (if, ip)— equivariant morphisms. 

Remark 3.3. If (H',ip') is another pair consisting of a closed group 
subscheme if' of G and a normalized 2— cocycle ip' on it, we can simi- 
larly define the abelian category of ((if', ■?//), (ff ,ip))— biequivariant co- 
herent sheaves on G by considering the free right action of if' x if on 
G given by g(a, b) := a~ x gb. 
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Example 3.4. We have that Cohv '(G) = Coh/(G) is the regular 

(G 1) 

module, and Cohy ' (G) = Vec (the simple object being the regular 
representation 0(G)) is the usual fiber functor on Cohj(G). 

Remark 3.5. 1) In |Mun4 p. 110], an H— equivariant sheaf (S,Xs) 
on G is referred to as a sheaf S on G together with a lift X,s of the 
H— action fi on G to S. 

2) It is well known that the (geometric, hence also categorical) quo- 
tient scheme G/H exists. Let Cohf(G/H) be the abelian category of 
coherent sheaves of finite dimensional k— vector spaces on G/H, and 
let 7r : G — > G/H be the canonical H— invariant morphism. It is known 
that the inverse image functor n* : Coh/(G/ H) — > Coh/(G) determines 
an equivalence of categories between Coh f (G/H) and Coh^'^G), with 
itf as its inverse (where tt^/ is the subsheaf of if— invariants of 7r*). 

This following lemma will be very useful in the sequel. 

Lemma 3.6. Let H be a closed group subscheme of an affine group 
scheme G over k, acting on itself and on G by right translations fin '■ 
H x H H and fi G : G x H — >■ G , respectively. Let i = l h : H <^-> G 
be the inclusion morphism and let ip be a normalized 2—cocycle on H. 
The following hold: 

1) The structure sheaf of H (i.e., the regular representation ofO(H)) 
has a canonical structure of an (H,ip) — equivariant coherent sheaf on 
H , making it the unique (up to isomorphism) simple object of Cohj 1 '^ (H) . 

2) The sheaf l^O^H) G Coh(G) (i.e., the representation of 0{G) 
on O(H) coming from the comorphism of i) is a simple object in 
Cohf-(C). 

3) For any X G Coh f (G) and M G Cohf^ ] (G), we have that 
m*(X®M) G Cohf^\G). 

Proof. 1) Consider the isomorphism <p := (ij>h>P 2 hh) '■ HxH ^ HxH, 
where p 2 HH : H x H — > H is the projection on the second coordinate. 
Clearly, p l HH o(p = fi H , so (p\j H o (p)*0(H) = fi* H G(H). Now, multipli- 
cation by ip defines an isomorphism 

f H o{H) = (pU o <pyo{H) 4 ( v * o (pUTWH), 

and since we have that (p^ H )*(9(if) = 0(H) <g> O(H), we get an iso- 
morphism 

A : (p l HH )*0(H) ^ 0{H)®0{H) ^ ip*(0(H)®0(H)) ^ V* h O(H). 
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It is now straightforward to check that (O(H), A) is an (if, ip)— equivariant 
coherent sheaf on H. 

2) Since l is affine, the commutative diagrams 

H x H — -ff HxH — — -ff 



LXidn 



t,x id i 



GxH G GxH -G 

Van ^ 

yield isomorphisms 

(1) feMI) ^ (l x id H W B EYO{B) 
and 

(2) (i x id H )^ H 0{H) ^ fi* G i.O(H) 
("base change"). 

Let A : (Phh)*@(H) ~> V*h®(H) be the isomorphism constructed in 
Part 1. Since i is if— equivariant, we get an isomorphism 

(3) (t x id H )*(p HH )*0(H) (tXtdH),(A) > (t x id H )^ H 0{H). 

It is now straightforward to check that the composition of isomorphisms 
(P), © and © 

endows i*(!?(ff) with a structure of an (if, ip)— equivariant coherent 
sheaf on G. Clearly, i*(D(H) is simple. 

3) Consider the right action idx/j : GxGxH — > GxG of H on GxG. 
Since M G Coh^'^G) it is clear that X H M G Coh(G x G) is an 
(if, t/))— equivariant coherent sheaf on G x G. But since m : GxG ^ G 
is ii— equivariant, m* carries (if, ip)— equivariant coherent sheaves on 
G x G to (if, ip)— equivariant coherent sheaves on G. □ 

3.3. Exact module categories. Let G, if and ip be as in 3.1-3.2, and 
consider the coalgebra 0{H)^ in Coh(G). Let 0{H)^ be its profinite 
completion with respect to the algebra structure of O(H) (see Example 
12.41) ; it is a coalgebra object in both Pro(Coh(G)) and Pro(Coh/(G)). 

Let Comodp ro (coh / (G))(C(-^)v') be the abelian category of right comod- 
ules over 6{H)^ in Pro(Coh / (G)). 

Proposition 3.7. Let G be an affine group scheme over k, let if be a 
closed group subscheme of G and let tp be a normalized 2—cocycle on 
H . The following hold: 
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1) SetM := Cohf m {G). The bifunctor 

® M : Coh f (G) MM ^ M, XMM ^m^(XMM), 

defines on M a structure of an indecomposable C 'oh /(G) — module cat- 
egory. 

2) Set V := Comodp ro (coh f (G))(0(H)^) . The bifunctor 

(g) v : Coh f (G) KV^V, X M V i-> m*(X B V), 

defines on V a structure of an Cohf(G)— module category. 

3) The categories Cohf^(G) and Comodp^OohfiG^iO^H)^,) are 
equivalent as module categories over Cohf(G). In particular, Hom(5, S) 
and (D(H)tp are isomorphic as coalgebras in Pro(Cohf(G)), where 5 = 
<W) : = M*0(H) e Cohf>*\G). 

Proof. 1) Since m(m x id) = m(id x m) and ip is a 2— cocycle it 
follows from Lemma 13.61 that ® M defines on M a structure of an 
Cohf(G)— module category. Moreover, consider the sheaf S = b~(H,ip) '■= 
(lh)*0(H) G A4; it is a simple object (see Lemma l3~6l) . Then Coh/(if) 
is the subcategory of Cohj(G) consisting of those objects X for which 
X g) 5 is a multiple of S, and any object M G M. is of the form 
X ® M 5 for some X G Coh/(G). In particular, 5 generates A4, so M. 
is indecomposable. 

2) By definition, an object in V is a pair (V, pv) consisting of an 

object V G Pro(Coh/(G)) and a morphism p v : V — » V g) 0(H)^ 
in Pro(Coh/(G)) satisfying the comodule axioms. Clearly, if X G 
Coh/(G) then m*(X IE V) G Pro(Coh/(G)) and p m „p(W) := id x ® Pv 
is a morphism in Pro(Coh/-(G)) defining on m*(X Kl V) a structure of 

a right comodule over O(H)^. 

3) For any S G Pro(Cohf (£?)) there is a natural isomorphism 

Hom Gx „(//(S), = Eom G (S,^(p GH y(S)) 

("adjunction"). Since P*(Pgh)*(S) = S <g) 0(H), we can assign to any 

isomorphism A : fJ,*(S) —> (PghY(S) a morphism p\ : S ^ S®0(H). It 
is now straightforward to verify that (S*, A -1 ) is an (iY, ?/>) — equi variant 

sheaf on G if and only if p\ : S* — > 5 <8> 0{H)^p is a comodule map. □ 

We are now ready to state and prove the main result of this section. 

Theorem 3.8. Let G be an affine group scheme over k. There is 
a bijection between conjugacy classes of pairs (H, ijj) and equivalence 



MODULE CATEGORIES OVER AFFINE GROUP SCHEMES 



13 



classes of indecomposable exact module categories over Cohf{G), as- 
signing (H, ip) to Cohj (G) . 

Proof. Let Coh^'^^G) be the indecomposable module category over 
Coh/ (G) constructed in Proposition 13.71 We have to show that it is 
exact, i.e., that any additive module functor F : Cohff 1 '^' (G) — > M. 

from Cohy^ (G) to any other C— module category M. is exact. Indeed, 
following the proof of |EOt Proposition 3.11], start with a short exact 
sequence 

->■ X -> Z ^ 
m Cohf A) (G), and assume on the contrary that the sequence 

-> F(X) -> F(Y) -> -> 

is not exact in .M. We may consider this sequence in the module cate- 
gory Ind(A^) over Ind(Cohj(G)). Since for any object I G Ind(Cohy(G)) 
the module functor J(g) Ind (- M ) ? : Ind(A^) —> Ind(A^) is exact and 
j gjindfX) x = implies that X = 0, we get that the sequence 

-»■ / ® -> J ® F(Y) -»■ / (8) 

is not exact in Ind(vM). Therefore, since F is a module functor, the 
sequence 

O^F(/0l)-> F(J ® Y) -»■ F(J ® Z) 

is not exact in Ind(Al) too. But if / is injective, this sequence splits, 
since the sequence 

Q^I®X^I®Y^I®Z^Q 

splits in Ind(Coh^'^((j)) by Proposition 12.61 (as F is additive). We 

thus got a contradiction, which proves that Cohj ^{G) is exact. 

Conversely, we have to show that any indecomposable exact module 
category M. over Cohj(G) is of the form Coh^ ^'{G). Indeed, let 
5 G M. be a simple object generating .M (such S exists by Corollary 
12. 9p . and consider the full subcategory 

C := {X G Coh/(G) | X ® M 5 = dim k {X)5} 

of Coh/(G). Clearly, C is a tensor subcategory of Coh/(G), so there 
exists a closed group subscheme H of G such that C = Coh f(H) as 
tensor categories. Moreover, the functor 

F : C -> Vec, F(X) = Hom M (5,X 0^ 5), 

together with the tensor structure F(-) ® F(-) ^ F(- (g> •) coming from 
the associativity constraint, is a fiber functor. But, letting X denote the 
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underlying vector space of X (where we view X as an 0(G) — module), 
we see that F(X) = X. We therefore get a functorial isomorphism 

X £g> Y ^> X <g) y, which is nothing but an invertible element ?/> of 
£>(#) ® 0(i?) = 0(# ® tf) taking values in G m (fc). Clearly, ^ is a 
twist for 0(H). Finally, since for any X e Coh/-(if) 

X=F(X) = Kom M {5,X® M 8) = Hom Pro( coh /( G))(HolrI(5,5),X), 



Yoneda's lemma implies that the two coalgebras Hom(<5, S) and 0(H)^ 
in Pro(Cohy(G)) are isomorphic. But this implies that M. is equivalent 

to Comodp ro (Coh / (G))(C > (-f^)v) as a Coh/(G)— module category (as A4 is 
indecomposable, exact and generated by 5), hence also to Coh (G) 
by Proposition 13.71 We are done. □ 



4. Exact module categories over Rep(G) 

■v 



We keep the notation from Section [31 Set A4(H,ip) := Con* 1 (G), 



and recall that .M(G, 1) = Vec. 

4.1. Module categories. Recall that if C is a rigid tensor category 
and M. is an exact module category over C then the category C* M := 
Endc(-M) of C— endofunctors of M. is called the dual of C with respect 
to A4. One has that A4 is an exact module category over C* M . 

Example 4.1. We have that the category Coh.f(G)* M ^ H ^ is the tensor 
category of ((H,ip), (H, ip))~ biequivariant sheaves on G, supported on 
finitely many left H— cosets (equivalently, right H— cosets), with tensor 
product given by convolution of sheaves. In particular, Coh.f(G)* M( ^ G ^ 
and Rep(G) are equivalent as tensor categories, and so are Rep(G)^, G ^ 
and Coh/(G). □ 

One obtains the following result exactly as in the case of finite groups 
(see |Ds]). 



Proposition 4.2. The following hold: 

1) If M. is an exact module category over Cohj(G) then the cate- 
gory of module functors Func hf(G){M(G,l), M) is an exact module 
category over Rep(G) via the composition of functors. Conversely, if 
Af is an exact module category over Rep(G) then the category of mod- 
ule functors FunR ep (c)(M.(G,l),Af) is an exact module category over 
Coh f (G). 

2) The above two assignments, considered as assignments between ex- 
act module categories M. over Cohf(G) and exact module categories Af 
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over Rep(G) for which FunR ep {G){M.{G , 1), TV) is nonzero, are inverses 
one to each other. □ 

Let us say that an exact module category Af over Rep(G) is geo- 
metricalif it satisfies Fun Rep ( G ) ( M. (G, 1),jV) 7^ 0. In other words, geo- 
metrical exact module categories over Rep(G) are those exact module 
categories which come from exact module categories over Coh f(G). 

Remark 4.3. 1) If G is not finite, Rep(G) may very well have module 
categories (even fiber functors) which are not geometrical. For example, 
let G := G 2 over C, let J := exp(x <8> y), where x, y are a basis of the 
Lie algebra C 2 (this makes sense on G— modules, since on them x, y are 
nilpotent so the Taylor series for exponential terminates), and let M 
be the semisimple Rep (G)— module category of rank 1 corresponding 
to the twist J. Then the twisted algebra 0{G)j is the Weyl algebra 
generated by x, y with yx— xy — 1, so it does not have finite dimensional 
modules. Hence, Fun Rep (<3)(.A4((j, 1), M) = 0. 

Note that there is no 2— cocycle ip with values in G m (there is one 
with values in G a , namely, ip((x 1 ,x 2 ), (2/1, 2/2)) = a?i2/2 - but to 
make it take values in G m , one needs to take exponential, which is not 
algebraic). 

2) The classification of fiber functors on Rep(G), where G is a unipo- 
tent algebraic group, is given in |EG3] . See also |EG2] for the construc- 
tion of fiber functors on Rep(G) for other algebraic groups. However, 
the classification of fiber functors is not known for SL n , n > 4 (it is 
known for n < 3 [QEl] . [OE2] ). 

We shall refer to a finite dimensional co module over O(H)^ as an 
(H, ip) — representation of H, and denote the category of finite dimen- 
sional comodules over 0(H)^ by Corep(0( if ),/,). Equivalently, the 
2— cocycle ip determines a central extension of H by G m , and an 
(H, iji) —representation of H is a representation of the group scheme 
on which G m acts with weight 1 (i.e., via the identity character). Let 
us denote the category of representation of the group scheme on 
which G m acts with weight 1 by Rep 1 (if^ ) ). 

Theorem 4.4. The module category Func h f (G)(-M-(G,l),M.(H,ip)) 
over Rep(G) corresponding to the pair (H, ip) is equivalent to the cate- 
gory Rep(H,ip) of finite dimensional (H, if))— representations of H (i.e., 
to Corep{0{H)^) = Re Pl (H^)). 

Proof. First observe that T := Fun Coh/ ( G )(A / l (G, l),M(H,if))) and the 
category of (G, (H, ip))— biequivariant sheaves on G are equivalent as 
abelian categories. Indeed, since Ai(G,l) = Vec, a functor in J 7 is 
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just an (H, if>) — equivariant sheaf X on G. The fact that the functor is 
a Cohf (G)— module functor gives X a commuting G— equivariant struc- 
ture for the left action of G on itself, i.e., X is (G, (H, if>)) — biequivariant. 
Conversely, it is clear that any (G, (H, ip))— biequivariant sheaf on G 
defines a functor in J 7 . 

Now, if X is a (G, (H, if))) — biequivariant sheaf on G then the inverse 
image sheaf e*(X) on Spec(fc) ("the stalk at 1") acquires a structure 
of an (H, iff)— representation via the action of the element (h, h" 1 ) in 
GxH, i.e., it is an object in Rep(if, if)). We have thus defined a functor 
C -> Rep(#,V), X ^ e*(X). 

Conversely, an (H, if))— representation V can be spread out over G 
and made into a (G, (if, if>))— biequivariant sheaf X on G, with global 
sections 0(G) ®fc V. We have thus defined a functor Rep(if , '0) — > C, 
7 m- 0{G) ® k V. 

Finally, it is straightforward to verify that the two functors con- 
structed above are inverses of each other. □ 

4.2. Semisimple module categories of rank 1. Recall that the set 
of equivalence classes of semisimple module categories over Rep(G) of 
rank 1 is in bijection with the set of equivalence classes of tensor struc- 
tures on the forgetful functor Rep(G) — > Vec. Therefore, Proposition 
14.21 and Theorem 14.41 imply that the conjugacy class of any pair (H,if>) 
for which the category Corep(0(H)^) is semisimple of rank 1 gives rise 
to an equivalence class of a tensor structure on the forgetful functor 
Rep(G) — > Vec. Clearly, for such pair (H, if)), H must be a finite group 
subscheme of G (as a simple coalgebra must be finite dimensional). 
This observation suggests the following definition. 

Definition 4.5. Let H be a finite group scheme over k. We call a 
2-cocycle iff : H x H -»■ G m (equivalently, a twist iff for 0(H) = k[H}*) 
nondegenerate if the category Corep(0(H)^) of finite dimensional co- 
modules over 0(H)^ is equivalent to Vec (i.e., if the coalgebra 0(H)^ 
is simple). 

We thus have the following corollary. 

Corollary 4.6. The conjugacy class of a pair (H, if)), where H is a fi- 
nite closed group subscheme of G and if) : H x H — )■ G m is a nondegen- 
erate 2—cocycle, gives rise to an equivalence class of a Hopf 2—cocycle 
forO(G). □ 

Remark 4.7. Finite group schemes having a nondegenerate 2—cocycle 
may be called group schemes of central type in analogy with finite 
abstract groups. 
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5. GROUP SCHEME THEORETICAL CATEGORIES 

The classes of rigid tensor categories Rep(G) and Coh/(G) can be 
extended to a larger class of group scheme theoretical categories, exactly 
in the same way as it is done for finite groups |Osj . 

More precisely, let G be an affine group scheme over our field k 
and let u G H 3 (G,G m ) be a normalized 3— cocycle. The proof of the 
following lemma is straightforward. 

Lemma 5.1. The category Cohf(G) (resp., Coh(G)) with tensor prod- 
uct given by convolution of sheaves and associativity constraint given 
by the action of uj (viewed as an invertible element in 0(G)® 3 ) is a 
rigid tensor category (resp., tensor category). □ 

Let us denote the rigid tensor category (resp., tensor category) from 
Lemma EH] by Coh f(G,u) (resp., Coh(G, w)). 

Let if be a closed group subscheme of G and let ip G C 2 (H, G m ) 
be a normalized 2— cochain such that dip = u\h. Let Coh (G, u) 
be the category of (if, ip)— equivariant coherent sheaves on (G,lj); it 
is defined similarly to Cohj'^\G) (the case u = 1) with the obvious 
adjustments. The proof of the following lemma is similar to the proof 
of Lemma 13.61 

Lemma 5.2. The category Cohf (G,w) admits a structure of an 
indecomposable exact module category over Cohf(G,u>) given by convo- 
lution of sheaves. □ 

The proof of the following classification result is similar to the proof 
of Theorem 13.81 

Theorem 5.3. There is a bisection between conjugacy classes of pairs 
(if, ip) and equivalence classes of indecomposable exact module cate- 
gories over Cohf(G,oo), assigning (H,ip) to Cohj H '^\G,ui). □ 

Let us denote by C(G, H, u, ip) the dual category of Cohj(G, u) with 
respect to its indecomposable exact module category Ai(H,ip). Then 
C(G, H,u,ip) is the tensor category of ((if, ip), (H, ip))— biequivariant 
sheaves on (G, lu), supported on finitely many left H— cosets (equiva- 
lently, right if— cosets), with tensor product given by convolution of 
sheaves. 

Definition 5.4. A rigid tensor category which is tensor equivalent 
to some C(G, H,u,ip) as above is called a group scheme theoretical 
category. 
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Example 5.5. Clearly, both Rep(G) and Coh/(G, oj) are group scheme 
theoretical categories. Another example is the center Z(Cohf(G)) of 
Cohj(G). Indeed, it is tensor equivalent to C(G X G, G, 1, 1), where G 
is considered as a closed group subscheme of G x G via the diagonal 
morphism A : G — > G x G. 

Let us give an instructive example of a center of Coh/-(G). Suppose 
that G is a semisimple adjoint algebraic group over C (i.e., with trivial 
center). Let g* = Lie(G)* be the coadjoint representation, regarded 
as a commutative algebraic group (multiple of G a ). Then the center 
Z(Cohf(G)) is braided equivalent to the category Rep(G x g*) of finite 
dimensional rational representations of G x g* equipped with its natural 
(nonsymmetric) braided structure. 

The following extends Proposition 14.21 (see also Remark 16.21 in the 
next section). 

Proposition 5.6. The following hold: 

1) If M. is an exact module category over Cohf(G,u) then the cat- 
egory of module functors Fun Co h f (G,u){.M.(H ) ip) ) M.) is an exact mod- 
ule category over C(G, H,u,ip) via the composition of functors. Con- 
versely, if M is an exact module category over C(G, H,u,ip) then the 
category of module functors Fun c ^ G ^ HuJ ^{AA{H, ip),J\f) is an exact mod- 
ule category over Cohf(G,u). 

2) The above two assignments, considered as assignments between ex- 
act module categories A4 over Cohf(G,u) and exact module categories 
Af over C(G, H,u,ip) for which Func{G,H,ui,ip){M-{G, l),Af) is nonzero, 
are inverses one to each other. □ 

6. EXACT MODULE CATEGORIES OVER FINITE GROUP SCHEMES 

In this section G will denote a finite group scheme over k. 

6.1. Module categories. Thanks to |EO] , Proposition 14.21 can be 
strengthened in the finite case to give a canonical bijection between 
exact module categories over Cohy(G) = Coh(G) and Rep(G) (i.e., 
for finite group schemes, any exact module category over Rep(G) is 
geometrical) . 

Theorem 6.1. Let G be a finite group scheme over k. If Ai is an 
exact module category over Coh(G) then the category of module func- 
tors Funcoh{G){M.{G,l), A4.) is an exact module category over Rep{G) 
via the composition of functors. Conversely, if KA is an exact module 
category over Rep{G) then Funji ep (c){-M(G, 1), A4) is an exact module 
category over Coh(G). Moreover, these two assignments are inverses 
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one to each other. In particular, the equivalence classes of indecompos- 
able exact module categories over Rep(G) = Rep(k[G]) are parameter- 
ized by the conjugacy classes of pairs (H,ip), where H is a closed group 
subscheme of G and ip : H x H — )■ G m is a 2—cocycle. □ 

Remark 6.2. More generally, the equivalence classes of indecompos- 
able exact module categories over C(G, H, u, ip) are parameterized by 
the conjugacy classes of pairs (H',ijj'), where H' is a group subscheme 
of G and ip' 6 C 2 (H', G m ) satisfies dip' = uj\h>- 

6.2. Twists for k[G]. By [AEGNj. there is a bijection between nonde- 
generate twists for k[G] and nondegenerate twists for 0{G). Hence, as 
a consequence of Theorem 16.11 we deduce the following strengthening 
of Corollary 14.61 

Corollary 6.3. Let G be a finite group scheme over k. The following 
four sets are in canonical bijection one with the other: 

1 ) The set of equivalence classes of tensor structures on the forgetful 
functor on Rep(G). 

2) The set of gauge equivalence classes of twists for k[G]. 

3) The set of conjugacy classes of pairs (H,ip), where H is a closed 
group subscheme of G and if) : H x H — > G m is a nondegenerate 
2—cocycle. 

4) The set of conjugacy classes of pairs (H, J), where H is a closed 
group subscheme of G and J is a nondegenerate twist for k[H]. □ 

Remark 6.4. Corollary 16.31 was proved for etale group schemes in 
povj . [EG] and [AEGNj . 

6.3. Minimal twists for k[G]. Recall that a twist J for k[G] is called 
minimal if the triangular Hopf algebra (k[G] J , J^ 1 J) is minimal, i.e., 
if the left (right) tensorands of J span k[G] [R]. 

Using Deligne's theorem [Dej , it is shown in |EG| IAEGN] that a twist 
for a finite abstract group is minimal if and only if it is nondegenerate. 
In this section we show that the same holds for any finite group scheme, 
without using Deligne's theorem. In order to achieve it, we shall need 
the following result about quotients of Tannakian categories, which is 
of interest by itself. 

Proposition 6.5. Let G be a finite group scheme over k, let C be 
a symmetric rigid tensor category over k, and suppose there exists a 
surjective symmetric tensor functor F : Rep(G) — > C. Then there exists 
a closed group subscheme H of G such that C is equivalent to Rep(H) 
as a symmetric rigid tensor category and For get q — For get h o F. 
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Proof. Consider the image F(0(G)) of the commutative unital algebra 
object 0(G) in Rep(G); it is a commutative unital algebra object in 
C. Let / G C be a maximal ideal subobject of F(0(G)), and set 
R := F{0{G))/ 1. Then R is a commutative unital algebra object in 
C. Let Modc(-R) be the category of modules in C over R. Clearly, R is 
a simple object in Modc(-R), so Honic(l,-R) = Hohir(.R, R) = k. 

Observe that for any X G C, there exists a finite dimensional vec- 
tor space X such that X <g) i? = X cg)fc i? as modules over i? (i.e., 
X <g> i? is free). Indeed, this follows since 0(G) G Rep(G) has this 
property and F is surjective. Therefore, since Homc(l,i?) = k, it fol- 
lows that Hom^(i?, X (g> R) = Honic(l,X eg) i?) canonically by Frobe- 
nius reciprocity, which implies that there is a canonical isomorphism 
Homc(l, X <g) i?) (g) fc -R — > X <g> i?. Hence the functor 
L : C — )• Vec, X h> Hom c (l, X <g> i?), 
together with the tensor structure given by 
L(X <8) Y) = Hom c (l, (X ® y) ® i?) 

^> Hom c (l,X ® (L(y) ® fe i?)) A Hom c (l, (L(X) ® fe L(y)) ® fc H)) 

^>L(X) ®*L(y), 

is a fiber (= exact tensor) functor on C. But then a standard argument 
(see e.g., [DM] ) yields that C is equivalent to Rep(A) for some finite 
dimensional Hopf algebra A over k, as a rigid tensor category. Hence, 

there exists an injective homomorphism A k[G] of Hopf algebras, 
and the result follows. □ 

Remark 6.6. Proposition 16.51 holds for any affine group scheme over k 
(i.e., not necessarily finite). Namely, quotients of Tannakian categories 
are Tannakian. The proof is essentially the same, except that 0(G) 
and its image under (the extension of) F are Ind objects, so certain 
adaptations are required. 

We can now state and prove the main result of this section. 

Proposition 6.7. Let G be a finite group scheme over k, and let J be 
a twist for k[G}. Then J is minimal if and only if it is nondegenerate. 

Proof. Suppose J is minimal. By Corollary 16.3} there exist a closed 
group subscheme H of H and a nondegenerate twist J for k[H] such 
that the image of J under the embedding k[H]j k[H]j is J. Since 
J is minimal and H C H, it follows that H = H . 

Conversely, suppose J is nondegenerate. Let (A, J21J) be the mini- 
mal triangular Hopf subalgebra of (k[G] J , J r 2 ^ 1 J). The restriction func- 
tor Rep(G) — ¥ Rep(A) is a surjective symmetric tensor functor. Thus 
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by Proposition 16. 5[ Rep(A) is equivalent to Rep(if), as a symmetric 
tensor category, for some closed group subscheme H of G. Now, it is a 
standard fact (see e.g., |Gej ) that such an equivalence functor gives rise 
to a twist / G k[H}® 2 and an isomorphism of triangular Hopf algebras 

(k[HY,I^I)^(A,J^J). 

We therefore get an injective homomorphism of triangular Hopf al- 
gebras (k[Hy, I21I) — ■> (k[G] J , J21 J), which implies that JI" 1 is a 
symmetric twist for k[G]. But by [DM] Theorem 3.2], this implies 
that JI~ l is gauge equivalent to 1 £g> 1. Therefore, the triangular Hopf 
algebras (k[G] JI ,l2iJ 2 i-JI 1 ) and (fc[G],l £g> 1) are isomorphic. In 
other words, J^ 1 /) and (k[G] J , J^x J) are isomorphic as trian- 

gular Hopf algebras, i.e., the pairs (G, J) and (H, I) are conjugate. We 
thus conclude from Corollary 16.31 that H = G, and hence that J is a 
minimal twist, as required. □ 



6.4. The commutative case. Let A be a finite commutative group 
scheme over k and let A D be its Cartier dual (see Section 12. ip . By 
definition, k[A] = 0(A D ) and k[A D ] = 0(A). Therefore, Corollary El 
implies the following. 

Proposition 6.8. There is a canonical isomorphism of abelian groups 
between the group of gauge equivalence classes of twists for k[A] and 
the group H 2 (A D ,G m ). □ 

Corollary 6.9. Suppose that either A = A ec or A = A ce . Then 
the equivalence classes of indecomposable exact module categories over 
Rep(A) are in bijection with the conjugacy classes of closed group sub- 
schemes of A. In particular, the trivial twist is the only twist for k[A], 
i.e., the forgetful functor on Rep(A) has only the trivial tensor struc- 
ture. 

Proof. By Proposition 16.8} it is sufficient to show that in both cases 
H 2 (A,G m ) = 0. Indeed, consider the group homomorphism 

H 2 (A, G m ) -)■ Hom(v4 x A, G m ), ip H> ip^'i 

it is well defined since for any two choices ipi,?p2 the 2— cocycle ipiip^ 1 
is symmetric, and it is known that H 2 (A,G m ) = Ext 1 (y4,G m ) = 
(see, e.g., |Mumj ). Clearly, its image is contained in the group of skew- 
symmetric bilinear forms on A, i.e., is contained in Hom(A, A D ). But 
since Hom(A ec , A ce ) = 0, Hom(A,A D ) = 0, so the above homomor- 
phism is trivial. This means that H 2 (A,G m ) = H 2 (A,G m ) = 0, as 
claimed. □ 
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In contrast, the cases A = A ee (see Remark 16.4ft and A = A cc (see 
Example 16.13ft are more interesting, as demonstrated also by the fol- 
lowing proposition. 

Proposition 6.10. Let ip G H 2 (A x A D ,G m ) be the class represented 
by the 2—cocycle given by i/j((ai, fi), (a 2 , f 2 )) =< fi, &2 >, where < , >: 
A D x A — > G m is the canonical pairing. Then ip is nondegenerate, i.e., 
it corresponds to a nondegenerate twist for k[A x A D \. 

Proof. It is straightforward to verify that the corresponding twist for 
0(A x A D ) (which we shall also denote by iji) is given by ip = /i®aj, 
where fi and a« are dual bases of O(A) and O(A)*, respectively. But 
(0(A x A D )ip)* is an Heisenberg double, hence a simple algebra by 
[Mon, Corollary 9.4.3] (see |AEGN] ). so ip is nondegenerate. □ 

6.5. p— Lie algebras. Assume that k has characteristic p > 0. In the 
case of p— Lie algebras (see Section [2.2ft . Theorem 16.11 and Corollary 
16.31 translate into the following result. 

Theorem 6.11. Let q be a finite dimensional p— Lie algebra over k. 
The equivalence classes of indecomposable exact module categories over 
Rep(o) are parameterized by the conjugacy classes of pairs (f), ip), where 
f) is ap—Lie subalgebra of q andip is a Hopf "2— cocycle for w(f)) . In par- 
ticular, the gauge equivalence classes of twists for u(q) are in bisection 
with conjugacy classes of pairs (f), J), where f) is ap—Lie subalgebra of 
q and J is a nondegenerate twist for w(f)) . □ 

Example 6.12. (Semisimple p— Lie algebras) Let t be a torus, i.e., 
the p— Lie algebra of a connected diagonalizable group scheme. Then 
Corollary 16.91 tells us that the forgetful functor on Rep(t) has only the 
trivial tensor structure, which is in contrast with the etale case. 

Example 6.13. Let a be the 2— dimensional abelian p— Lie algebra 
with basis h, x such that h p = and x p = (it is the p— Lie algebra of 
the group scheme a p x a p ). Then it is straightforward to verify that 



is a nondegenerate twist for u(a). In fact, the algebra (w(a)j)* is iso- 
morphic to the truncated Weyl algebra k[x,y]/(xy — yx — l,x p ,y p ), 
which is known to be a simple algebra ([SI p. 73]). 

Example 6.14. Let g be the unique 2— dimensional nonabelian p— Lie 
algebra with basis x, y such that [x, y] = y, x p = x and y p = (it is the 
p— Lie algebra of the Frobenius kernel of the group scheme G m x G a 




p-i 



i=0 
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of automorphisms of the afhne line A 1 ). It is straightforward to verify 
that the element 

p— 1 

i=0 

is a nondegenerate twist for u(q), and that (w(g) J , J 2 \ J) is a noncom- 
mutative and nonco commutative minimal triangular Hopf algebra of 
dimension p 2 . 

Example 6.15. (Frobenius p— Lie algebras) Let g be a finite dimen- 
sional Frobenius p— Lie algebra over k. By definition, this means that 
there exists a linear functional £ £ g* such that the bilinear form 
(x, y) 1— >■ £([x, y]) on g is nondegenerate. By a well known result of 
Premet-Skryabin [PSj . the associated reduced universal enveloping al- 
gebra u^(q) of g is a simple algebra. Therefore any Frobenius p— Lie 
algebra possesses a nondegenerate twist. 

Since there are nonsolvable Frobenius p— Lie algebras, we see that 
there exist finite group schemes of central type which are not solvable 
(unlike in the etale case |EG] ). For example, the 6— dimensional p— Lie 
subalgebra g of g( 3 , consisting of the matrices with zero last row, is not 
solvable but is Frobenius (e.g., let £ £ g* be defined on the standard 
basis by t{E l2 ) = £(£ 23 ) = 1 and £(E n ) = £(E 13 ) = t{E 2l ) = 
£(£22) =0). 

Example 6.16. (The Witt p— Lie algebra) Let to be the p— dimensional 
p— Lie algebra with basis X{, i £ ¥ p , such that = (j — i)xi + j, 

Xq = x and x\ = for i 7^ 0. Note that for any i 7^ 0, the ele- 
ments x := i~ 1 Xo, y := ixi span a 2— dimensional nonabelian p— Lie 
subalgebra of to. We thus obtain twists J(i) for w(tt>), i £ , as in 
Example 16.141 and hence pp— dimensional noncommutative and nonco- 
commutative triangular Hopf algebras u(to) J ^\ (See |Gr] for similar 
results.) 

7. ISOCATEGORICAL FINITE GROUP SCHEMES 

Following [EGlj . we say that two finite group schemes G±, G 2 over 
k are isocategorical if Rep(Gi) is equivalent to Rep(G 2 ) as a tensor 
category (without regard for the symmetric structure). Then Gi, G 2 
are isocategorical if and only if the Hopf algebras k[G 2 ] are 

twist equivalent [EGlj . The construction of all finite group schemes 
isocategorical to a fixed finite group scheme is essentially identical to 
the construction given in |EGlj for etale groups. Therefore, for the sake 
of completeness only, we shall describe the construction and sketch the 
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proof given in |EGlj (see also [Dal} IDa2] ) that this construction is 
exhaustive. 

7.1. The construction of isocategorical finite group schemes. 

Let G be finite group scheme over k, A a commutative normal closed 
group subscheme of G, and set K := G/A. Let R : A D x A D — > G m 
be a G— equivariant nondegenerate skew-symmetric (i.e., R(a,a) = 
for all a G A D ) bilinear form on A D . It is known that the image of the 
group homomorphism 

H 2 (A D , G m ) ->• Hom(A D x A D , G m ), ip i-> ^2i\ 

is the group of skew-symmetric bilinear forms on A 13 . Therefore, the 
form i? defines a class in H 2 (A D , G m ) K represented by any 2— cocycle 
J G Z 2 (A D , G m ) such that = JJ^ 1 . 
Let 

r:if 2 (A D ,G m ) K ^iJ 2 (ir,A) 

be the homomorphism defined as follows. For c G H 2 (A D , G m ) K , let 
J be a 2— cocycle representing c. Then for any g G K, the 2— cocycle 
J g J~ l is a coboundary. Choose a cochain z(g) : A 13 — )■ G m such that 
dz(g) = J 9 J -1 , and let 

b{g,h) := z{gh)z{g)-\z{h)')- x . 

Then for any g,h £ K, the function 6(g, /;,) : y4 D — > G m is a group 
homomorphism, i.e., b(g,h) belongs to the group A. Thus, b can be 
regarded as a 2— cocycle of K with coefficients in A. So b represents a 
class b in H 2 (K,A), which depends only on c and not on the choices 
we made. So we define r by r(c) = b. 

Now, let 6 := t(R), and let 6 be any cocycle representing b. For any 
7 G G, let 7 be the image of 7 in if. Introduce a new multiplication 
law * on the scheme G by 

71 * 72 := 6(71,72)7172- 

It is easy to show that this multiplication law introduces a new group 
scheme structure on G, which (up to an isomorphism) depends only on 
b and not on b. Let us call this finite group scheme GV 

Theorem 7.1. The following hold: 

1) The finite group scheme Gb is isocategorical to G. 

2) Any finite group scheme isocategorical to G is obtained in this 
way. 

In particular, two isocategorical finite group schemes are necessarily 
isomorphic as schemes (but not as groups [EG1] ). 
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7.2. Sketch of the proof of Theorem 17. 1L Suppose that G\ and 
Gi are isocategorical, and fix a twist J for k[G\] such that /c[Gi] J and 
k[G<2\ are isomorphic as Hopf algebras (but not necessarily as triangular 
Hopf algebras). Clearly, the Hopf algebra /c[Gi] J is cocommutative. 
Set, R J := J^J. 

Let (k[Gi] J ) m i n C k[Gi] J be the minimal triangular Hopf subalgebra 
of the triangular Hopf algebra (k[Gi] J , R J ) [R]. Since (k[Gi] J ) rn i n is 
isomorphic to its dual with opposite coproduct (via R J ), (k[Gi] J ) m i n is 
cocommutative and commutative. This implies that (fc[Gi] J ) m in is iso- 
morphic to the group algebra k[A] of a commutative group scheme 
A. Therefore, there exists a twist J' £ {k[Gi\ J ) m i n ® {k[Gi\ J ) m in 
such that R J = R J . But this implies (exactly as in the proof of 
Proposition 3.4 in |EGlj ) that there exists a twist J for k[G\\ such 
that A;[Gi] J is isomorphic to fc[Gi] J as triangular Hopf algebras, and 
J £ (kldY)^ ® (k[Gi] J ) 

rnin- 

Thus, we can assume, without loss of generality, that J £ (k[Gi] J )^ in . 
This implies that (k[Gi] J ) min = k[A], where A is a commutative closed 
group subscheme of G±, and jGfe[i]®l:[4]. 

Proposition 7.2. The closed group subscheme A is normal in G\ (i.e., 
k[A] is invariant under the adjoint action Ad ofk[Gi] on itself), and the 
action of the group scheme K := G\j A on A by conjugation preserves 
R J . 

Proof. By cocommutativity of k[G\\ J , J -1 A(g)J = J^ L 1 A(5f)J 2 i for 
all g £ k[Gi], hence A(g)R J = R J A(g) (here we use that k[A] is 
commutative, so R J = JJ^i)- But then, using the cocommutativity 
of k[G i] J again, we get that R J is invariant under the adjoint action 
of kid], i.e., Ad(g)R J = e{g)R J for all g £ jfefd]. Since the left (and 
right) tensorands of R J span k[A], the result follows. □ 

We can thus view J not only as a twist for k[A] but also as a 
2— cocycle of A D with values in G m , according to Proposition 16.81 
For g £ K let us write J 9 for the action of g on J. Since R J is 
invariant under G\, J 9 J~ l = J 21 J 21 ^ which implies that the 2— cocycle 
J 9 J~ l : A D x A D — > G m is symmetric. Hence there exists a cochain 
z(g) : A D — > G m (i.e., an invertible element in 0(A D ) = k[A\) such 
that J 9 J- 1 = dz(g). 

Identifying k[Gi] J with fc^], we can consider the morphism of 
schemes : G\ — > G 2 , <f(j) = ^(7) _1 7 (where by z(j) we mean z{^A)). 
Then ip is bijective (with inverse ip" 1 ^) = 2(7)7). 

Finally, it is obvious from the definition of ip that 

^(71)^(72) = K7i, 72)<^(7i72), 
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where b(g,h) = z(gh)/z(g)z(h) 9 £ fcL4] x . Furthermore, the morphism 
b := b(g, h) : A D — > G m is a group homomorphism, i.e., b £ A, and it 
is clear that 6 is a 2— cocycle of K with coefficients in A. Let 6 be the 
cohomology class of b in H 2 (K,A). We have shown that 

<p(li *72) = ¥>(7iM72), 

i.e., that <^ is an isomorphism of group schemes (G\)b — > G%. This 
completes the proof of Part 2 of Theorem 17.11 since by the definition 
of b we have b = r(R J ). 

Finally, Part 1 is essentially obvious from the above. Namely, if G is a 
finite group scheme, A its commutative normal closed group subscheme, 
K := G/A and b := r{R) £ H 2 (K, A), then choose a twist J £ k[A] m 
such that R = J^ 1 J and get that k [G] J is isomorphic as a Hopf algebra 
to k[Gb] (so the group schemes G and Gi, are isocategorical). □ 
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